We show that the state of the Hawking radiation emitted from a large Schwarzschild black hole (BH) deviates significantly from a classical state, in spite of its apparent thermal nature. For this state, such, cannot be faithfully described by a mean-field or by a WKB-like semiclassical state. Since the evolution of the BH is unitary, our results imply that the state of the BH interior must also be non-classical when described in terms of the asymptotic fields. We show that such a non-classical interior cannot be described in terms of a semiclassical geometry, even though the average curvature is sub-Planckian.
Introduction
The main objective of this paper is to demonstrate the strongly non-classical nature of the Hawking radiation that is emitted from a large Schwarzschild black hole (BH). Similar claims about the non-classicality of Hawking radiation, in spite of its apparent thermal nature, have been put forth in an earlier article [1] , and the possible consequences of this non-classicality were subsequently discussed in [2, 3, 4] . In these studies, however, no detailed evidence was provided except to point out that the occupation numbers of the Hawking modes are inevitably small. Yet, after surveying the literature, we were challenged to find a clear statement in support of our proposed relationship between low occupation numbers and non-classicality in a thermal state. (One notable exception can be found in Chapter 8 of [5] .) The aim of this paper is to correct this omission.
The typical first step in a work of this nature would be to provide the reader with a precise mathematical definition of a non-classical state. It turns out, however, that there is no consensus viewpoint on such a definition, nor is there any "one-size-fits-all" diagnostic that can be used to distinguish between the non-classical and classical realms. Qualitatively, one can rely on the correspondence principle: When the state occupies a volume in phase space that is much larger than , then it can be said to "behave classically".
Some examples of this are states of quantum fields with large occupation numbers and highly excited states in quantum mechanics.
Quantitatively, we would like to know whether a state can be approximated by the WKB or mean-field approximations or some other similar type of semiclassical approximation. If such approximations are not valid, the state in question would fail to have a faithful semiclassical description, never mind a classical one. Formally, this amounts to identifying a dimensionless and effective " ", the characteristic expansion parameter for the expectation values of some class of observables. As an expansion parameter, a dimensionless is required to be less than unity; otherwise, the desired (semi-)
classical approximation is bound to fail.
Here, as a criterion for distinguishing between semiclassical and nonclassical states, we will be using the strength of the quantum fluctuations about the average values of certain observables. The dimensionless will then be a parameter that determines the relative strength of such fluctuations. For example, in a one-dimensional WKB expansion, the dimensionless is the ratio of the quantum de-Broglie wavelength λ(x) = √
to some geometric scale ℓ cl which is determined by the potential V ; that is,
. In a φ 4 scalar field theory in four dimensions, it is rather the dimensionless coupling constant.
In gravity, the standard choice of dimensionless is
, where G N is Newton's constant, E is a typical energy scale and M P is the Planck mass [6] , [7] . As a result, there is widely held impression that the effects of quantum gravity will only be significant when the energy is Planckian.
But this is not always the case, as we show later.
As will be highlighted in Section 2, the relevant dimensionless for the state of the Hawking radiation is the inverse of the mode occupation number 1/ n k . Since these occupation numbers are small in comparison to unity, the dimensionless is large, leading to the conclusion that the state of the Hawking radiation is non-classical. We will show in Section 3 how this nonclassicality implies large geometrical fluctuations, even in regions of spacetime with a small average background curvature. It will also pave the way to an interesting conclusion about the state of the BH interior. As will be explained in Section 4, the density matrices of the BH interior and the Hawking radiation share a common set of non-vanishing eigenvalues, as either of these systems acts as the purifier of the other. One can then infer that the interior is similarly non-classical; at least close to the Page time (the half-life of the BH in units of entropy [8] ) when their complete sets of eigenvalues are practically equal. It should still be true at earlier times provided that a condensate (or some other highly occupied state) is not "hidden" inside of the BH. We will, however, argue that such a state cannot be hidden after a time scale which is many orders of magnitude smaller than the Page time for a macroscopic BH.
We use the term geometry to mean the spacetime metric as well as its derivatives, such as the various curvature invariants. It should also be emphasized that, when talking about a non-classical interior and its lack of a semiclassical geometry (see Section 4), we are referring to its description in terms of asymptotic fields (those of the Hawking modes) when expressed in the standard Fock basis. An interior observer could avoid our conclusions but the corresponding choice of observables would not have a simple physi-cal meaning from an asymptotic perspective. An asymptotic observer could likewise avoid our conclusions by averaging over suitably large distances, time scales and/or spans in frequency. The outcome of such an averaging procedure would be the Schwarzschild metric.
The paper concludes with a brief overview in Section 5, followed by an appendix with some supplemental analysis.
Evidence for a non-classical state of Hawking radiation
According to Page [8] , the state of the BH radiation starts to purify just after the Page time, which is the time when its Hilbert space and that of the BH interior are equal in size. Consequently, the radiation is in a highly entangled state at later times. According to Bell [9] , the state of the Hawking radiation has then become non-classical, as one cannot assign a classical distribution function for such a highly entangled state. We want to go further and show that the radiation is in a non-classical state even well before the Page time. This is the primary goal of this section.
It will be shown by explicit calculation that, for a macroscopic BH, the occupation numbers of the Hawking radiation are small. This result is essentially contained in the early calculations of Hawking [10] and, in particular, of Page [8] . However, since this is central to our purpose, we will review and highlight the necessary ingredients. It will then be shown that these sparsely occupied modes imply large relative fluctuations in their occupation numbers. A consequence of having large relative fluctuations in a state is that a mean-field approximation cannot be applied. In particular, large relative fluctuations in the stress-energy-momentum (SEM) tensor imply similarly large relative fluctuations in the spacetime curvature [11] , which in turn means that a semiclassical geometry cannot be trusted to faithfully describe the state of the Hawking radiation.
Occupation numbers of Hawking radiation
Let us start by reviewing the discrete wave-packet basis for modes of Hawking radiation [12] . The discussion closely follows that of [1] , where additional details can be found.
Using continuum normalization, one can express the incoming and outgoing Hawking modes as
where l and m are the angular-momentum eigenvalues, and v and u are, respectively, the advanced and retarded Eddington-Finkelstein coordinates.
A basis of wave packets can then be defined as
where ǫ is a dimensional "resolution" parameter, and the continuous frequency ω and the null coordinates u, v have been traded away for a pair of integers j ≥ 0 and n. The frequencies from which a wave packet f jnlm or p jnlm is built is localized in the range j ǫ ≤ ω ≤ (j + 1) ǫ . An incoming wave packet f jnlm is centered about v = 2πn/ǫ , whereas an outgoing p jnlm is centered about u = 2πn/ǫ . The width of either type is equal to 2π/ǫ.
The wave packets which are emitted from the BH during a certain period of time, t 0 ≤ t ≤ t 0 + ∆t , and then detected at some fixed distance away will be localized in the corresponding range of retarded time, u 0 ≤ u ≤ u 0 + ∆t . For a long-enough time interval, the width 2π/ǫ can be chosen such that many wave packets arrive during this same range of retarded time, ǫ ∆t ≫ 1 and yet still have a good frequency resolution, ǫ ≪ T H (T H is the Hawking temperature). In this case, each wave packet can be treated as a monochromatic mode of some fixed frequency. And so a sum over wavepacket position (i.e., a sum over n) within the interval ∆n = ∆t ǫ/(2π) can be approximated by
∆t ǫ , whereas a sum over discrete frequencies j = ω/ǫ can be approximated by j ≈ dω/ǫ . It follows that, in this approximation, the total number of modes which can be detected during a time interval ∆t does not depend on the choice of ǫ,
This can be compared to the standard sum over modes for a thermal state in some restricted volume V in d space dimensions,
The occupation numbers of the modes in the wave-packet basis are given by Hawking's famous calculation [12] ,
where Γ jnlm are the grey-body factors for BH emission. The discussion will therefore be limited to the emission of just photons and gravitons while the case of a massless neutrino is relegated to Appendix A.
According to Page's analysis of Schwarzschild BHs 2 [14] , the low-frequency, ωR S ≪ 1 , grey-body factors for massless spin-1 (photon) and spin-2 (graviton) modes are (A H is the BH horizon area)
Hence, the grey-body factors are very small, which leads to very small occupation numbers. For example, substituting ωR S = 0.1 into the above expressions and choosing ℓ = s , one obtains the following occupation numbers,
In the high-frequency regime, ωR S ≫ 1 , the Hawking modes have enough energy to pass over the potential barrier; meaning that the grey-body 1 A single very light neutrino species is still allowed by the currently available data, which mostly constrains the mass-square differences between the three known species. 2 We restrict the following discussion to four-dimensional spacetime. The results can be adapted to higher dimensions and are found to be similar in nature. This claim is not in contradiction with [13] because here, unlike there, the focus is on the occupation numbers of individual modes.
factors become unity. Nevertheless, the occupation numbers are exponentially suppressed by the Boltzmann factor, n (ωR S ≫ 1) ≈ e −4πR S ω ≪ 1.
To address the intermediary cases, we will rely on the numerical calculations of Gray and Visser for the grey-body factors [15] (also, [16] ). In this intermediate-frequency regime, one finds that the occupation numbers of the photons are, at most, of order 10 −2 and those of the gravitons are smaller than about 10 −3 .
Our conclusion is that all of the non-vanishing occupation numbers for single modes are very small. Of course, according to Eq. (5), if the occupation numbers are integrated over a period of time that is much longer than 1/ω ∼ 1/T H , they will increase linearly with time and eventually become large. But, in spite of appearances, a typical mode will still have occupancy below unity. This is because the number of occupied modes is similarly growing linearly in time [1] . Also, if the BH can emit more massless species or, equivalently, happens to exist in a higher-dimensional space time, the occupation numbers can appear to become large. But, even so, the phase-space density of the occupied modes would remain small.
Comparison to the radiation emitted by the Sun
Suppose that the Sun is replaced by a hypothetical BH with precisely the same temperature -if you didn't look outside, could you feel the difference?
The answer to this question is, perhaps surprisingly, yes! Our objective here is to compare the occupation numbers of BH radiation with those of the Sun (which is meant to represent a typical black-body emitter). The rate of emission of photons from a black body with a surface area of A and a temperature of T is
This equation is not strictly valid for BH emission because it neglects the grey-body factors. However, the inclusion of these factors would only strengthen our conclusion.
It follows that the ratio of the emission rate of the Sun to that of a BH radiating at the same (solar) temperature T ⊙ is
One can phrase this result as follows: For the same temperature, the area of the BH is much smaller than the area of the Sun, hence the emitted power is also much smaller. Recalling that R S = (4πT H ) −1 , the ratio is given by
This ratio is discussed in [15] .
This result is at the crux of why the occupation numbers of individual modes (and their fluctuations) can be resolved for a BH but not for a typical semi-classical emitter like the Sun. The relevant distinction between the BH and the Sun is in their respective time-resolution scales,
However, for the Sun,
The bottom line is that the individual modes in solar radiation can never be resolved as a strict matter of principle.
Fluctuations
We now want to determine the strength of the quantum fluctuations in the occupation numbers for the state of BH radiation.
A generating function from [1] is quite helpful with occupation-number calculations,
Here, just like in Hawking's work, the state |0 − is the initial vacuum state of the gravitationally collapsing body, b k is an annihilation operator for the radiation modes as seen by a far-away observer and b † k is the corresponding creation operator. (The subscript k is short for j, n, l, m.)
The prescription for calculating occupation numbers is
And, by similar reasoning,
On the other hand,
So that
Since the average occupation numbers are small, ∆n 2 k ≃ n k , it follows that the relative fluctuations are large,
States with small occupation numbers are nonclassical
We are now finally positioned to demonstrate the non-classical nature of the BH radiation, following Chapter 8 of [5] . To this end, let us consider one specific mode of radiation. Applying the polar-decomposition theorem to the annihilation and creation operators of the mode, one can formally define their phase,
The standard commutation relation
These formal expressions are, however, not quite precise.
For one thing, the polar-decomposition theorem is not strictly valid for an infinite-dimensional Hilbert space. For another, the phase is defined modulo 2π.
To overcome these difficulties, one can truncate the Hilbert space such that its new dimension N is large but finite [5] , and use the sine and cosine of the phase instead of the phase itself. For the truncated Hilbert space,
which is a consequence of the truncation, is insignificant because the occupation number of the cutoff state |n N must be negligible for the truncation procedure to make sense. Then, approximately,
[
The addition and subtraction of these (approximate) commutation relations leads to
These, in turn, imply uncertainty inequalities,
Using
we can sum the squares of Eqs. (26) and (27) to deduce that
Meanwhile, the classical limit is achieved when all of the following inequalities are satisfied,
Combining this inequality with the one in Eq. (28), we arrive at ∆n k ≫ 1 . But then, from Eq. (29), it must follow that
Consequently, for the state of a single mode of the BH radiation to have a description as a classical field, it must have a large occupation number. But we already know from Subsection 2.1 that the occupation numbers are small.
Hence, the state of the radiation must be non-classical; the photons cannot be described in terms of classical (electromagnetic) fields and similarly for the gravitons. Averaging over time or space or a number of different modes will, of course, alter the result.
Large relative fluctuations in the stress-energy-momentum tensor
We will again focus on one particular mode of radiation k = (j, n, l, m) .
The associated field operator for an outgoing wave takes the form
where the positive-energy component p k (u, r, θ, φ) was defined in Eq. (4).
Let us reemphasize that this component, the creation operator b † k and their respective conjugate and adjoint are those as seen by an observer far away from the BH.
We next want to construct the normal-ordered SEM tensor : T µν : for the field Φ k . Our eventual goal is to compute the strength of the relative fluctuations for this tensor, ∆:Tµν : 2 :Tµν : 2 . We will discuss the SEM tensor for a massless scalar field, as using vectors and tensors would not affect our conclusions but would clutter up the presentation,
The substitution of Eq. (33) into Eq. (34) yields
Normal ordering and using the definition of the number operator,
:
where we have defined
The mean value of the normal-ordered SEM tensor is then given by
Here, we have used that the mean values of b 
To proceed further, we will call upon some identities that follow from the generating function of Subsection 2.3,
which then leads to
The above results allow one to calculate the variance and then the relative fluctuation strength of the normal-ordered SEM tensor. The former is
Using equation (18) and dividing the above by the square of the mean value,
we have for the latter ∆ : T µν :
which implies the bound ∆ : T µν :
Recalling Eq. (19), one can see that the right-hand side of the bound (47) is much greater than unity. It can now be concluded that, for individual modes of Hawking radiation, the relative fluctuations of their associated SEM tensors are large ∆ : T µν :
2.6 The state of black hole radiation is not semi-classical
Another way to determine whether a state is non-classical is to study its Wigner function. This is because the Wigner function allows one to calculate quantum expectation values in a way that closely resembles the calculation of classical averages (e.g., [17] ),
where q, p are a pair of canonical conjugate variables, A(q, p) is the WignerWeyl representation of some operator and W (q, p) is the Wigner function.
For a state whose density matrix is ρ, the latter function is expressible as
The common diagnostic, in this context, for identifying a non-classical state is to look for regions of phase space where the Wigner function becomes negative. This is because the Wigner function in Eq. (49) plays the same role as a classical probability distribution function would. We will, however, be following a different route and show that a semiclassical expansion of the Wigner function breaks down for a thermal state with small-enough occupation numbers. This means that one cannot find a classical probability distribution function that can approximate the quantum distribution function.
4
Let us now specialize to the outgoing component for some particular photon mode. The conjugates p and q can then be related to its associated electromagnetic field. In terms of the wave-packet basis of Subsection 2.1, these relations can be expressed as
The labels are the same as before, but it should be emphasized that j = ω/ǫ , the radial functions are orthogonal with respect to j and the quantum number n is not an occupation number. Let us further specify that this is for a single mode of thermal radiation and that all degrees of freedom besides j have been left implied. Then the single-mode density matrix will have the standard form,
The Wigner function for a single mode of thermal radiation is given by
Expanding this expression in terms of ω j T (i.e., the dimensionless ), we then have
In the zeroth-order approximation, the expansion reduces to
which can be viewed as a classical distribution function for a system of photons at temperature T . Hence, the terms which are of higher order in
can be interpreted as small quantum corrections to the leading terms. We can conclude that the semiclassical expansion of the Wigner function is in terms of the dimensionless ,
The Wigner expansion (55) can also be expressed in terms of the mode's occupation number. Using the expression for a thermal occupation number,
one finds that
It can now be observed that a small dimensionless corresponds to a small value of 1/ n j . So that, in terms of an expansion in occupation number, the dimensionless is equal to 1/ n j . A semiclassical expansion thus requires n j ≫ 1 , which is certainly not satisfied for a mode of Hawking radiation.
We can therefore conclude, once again, that the quantum corrections are too large for the Hawking radiation to be viewed as a semiclassical state.
A non-semiclassical geometry
Next, we consider an observer who is far away from the BH (r ≫ R S ) and collecting the Hawking particles for one particular mode or, more realistically, for a narrow band of frequencies covering a small fraction of the modes. It will be shown in what follows that the relative quantum fluctuations in the curvature induced by the specific modes are large for such an observer, even though the average curvature is very small.
Large relative curvature fluctuations
The expectation value of the curvature can be obtained from the semiclassical version of the Einstein equation,
but then what about the fluctuations of these tensors?
To address this question, let us first consider the spacetime metric. It is safe to assume that linearized gravity is valid in this observer's (approximately flat) region of spacetime; hence,
where h µν is a perturbation of the Minkowski metric η µν . By construction, the quantum field h µν includes not only the effects of the Hawking particles but also the (small) deviation between the Schwarzschild metric and flat spacetime. We can then use the results of [11] , whose derivation is reviewed in Appendix B, that the fluctuations in the curvature are equal to the fluctuations in the SEM tensor.
which combines with Eq. (59) to give
Using the last equation and the inequalities in (19) and (47), we now
It can therefore be concluded that a single mode of Hawking radiation induces large relative quantum fluctuations in the Einstein tensor for the same value of k. Of course, this conclusion can easily be missed if one averages over large time scales or regions of space.
An interesting manifestation of the fact that there are no "one-size-fitsall" criteria for distinguishing between non-classical and semiclassical states is the following. The relation between the Ricci tensor and the gravitational field in the harmonic gauge is
and so
Our argument is that, for specific values of k, R µν (k) has large fluctuations.
By averaging over a range of k values, one does get a quantity that has small fluctuations and therefore can be treated semiclassically. The distance between two spacetime points, which is proportional to yet another integral over h µν , has even smaller fluctuations.
On the one hand, Hawking quanta do not cause large relative quantum fluctuations for quantities giving some notion of "distance" in classical gravity but, on the other hand, these quanta do induce large relative fluctuations for some curvature momentum components. So, an observer could also decide to ignore the effects of individual Hawking modes by averaging over sufficiently large spatial and/or temporal scales, as well as over a large band of frequencies. The strength of the relative fluctuations will then decrease accordingly. Such an averaging procedure amounts to tracing over the non-classical "hair", and what remains is a description of the geometry in terms of the classical Schwarzschild metric.
The dimensionless for the Hawking radiation versus the standard dimensionless for gravity
The inequalities in (47) and (63) suggest that the dimensionless for the Hawking radiation is
. But the standard dimensionless for a (massless) mode with momentum k in semiclassical gravity is
According to this identification, quantum-gravity effects become important only at Planckian energies. However, it has been argued here that, in the case of Hawking radiation, quantum effects are important at much lower energies.
We would like to explain the reason for this difference in scales. As a first step in this direction, let us review the rationale that led to the identification
as the dimensionless in quantum gravity. This will be done in a way that makes the comparison between the two dimensionless 's easier.
One starts by expanding the metric in terms of a rescaled graviton h µν ,
The Planck mass M P = /G N is used here because it is the only energy scale of the problem and, moreover, it leads to the canonical form of the kinetic term.
Next, one imposes the harmonic gauge, 2k µ h µν = k ν η αβ h αβ , to obtain the Fourier-space representation of the normal-ordered, linearized Ricci curvature tensor,
Since h µν vanishes, the mean value of the curvature also vanishes,
The quantum fluctuations can be determined by evaluating the variance of the curvature,
This will not generally vanish in spite of its normal ordering; cf, Eq. (40). Now, because of the vanishing expectation value in Eq. (68), the relative fluctuation strength is an ill-defined quantity. It is, however, clear that the non-vanishing moments of curvature will come in even powers of the Ricci tensor (or, more generally, the Riemann tensor), and so the expansion must be in terms of
This identifies the dimensionless with the ratio
Thus, one concludes that quantum-gravity effects become important when
However, when the dimensionless is ∆n 2 k n k 2 , the fluctuations are strong for small n k and any value of k. If relative curvature fluctuations cannot be defined, one is forced to introduce the Planck mass, being the only available scale. But if they can, the Planck mass cancels out because the relevant ratio is between two quantities that each contains the same power of M P .
The state of the BH interior
We will now proceed to argue that the non-classicality of the Hawking radiation -the large relative quantum fluctuations in the spacetime curvature Now, since the process of BH radiation is also unitary, the total density matrix ρ tot must remain pure throughout the BH's evaporation. Then, the two reduced density matrices,
are each other's purifying state. This relationship implies that ρ BH and ρ RAD must share a common set of non-vanishing eigenvalues, as will be made explicit below. In particular, close to the Page time, the two reduced density matrices are equal because their dimensionality is (approximately) equal, and so they must have the same number of vanishing eigenvalues as well.
It follows that the occupation numbers in the BH interior must be equal to those of the external radiation in the same basis; meaning that the state of the BH interior is similarly non-classical. Our conclusion is that, due to strong relative quantum fluctuations, the BH interior cannot be described faithfully by a semiclassical geometry.
However, one possible way of evading our conclusion might be if a highlyoccupied state -a condensate -is hidden inside the BH. This could no longer be an issue after the Page time, which is when the eigenvalues of the two subsystems can be identified. Nevertheless, we would like to make a stronger statement and will proceed accordingly.
Being a pure state, the total system can be described by a single state |ψ . It follows that, if the basis state of the BH is denoted by |a i and that of the radiation is denoted |b j , the total state can be expressed as
Then, after a Schmidt decomposition,
the reduced density matrices of the BH and the radiation are given by
where only the non-vanishing eigenvalues appear in the sums. Since the state of the radiation is essentially thermal, we also know that
Let us now assume that, after the Schmidt decomposition, the sum includes a term of the form A 0 |0 RAD |n C BH ; that is, a "hidden condensate."
It then follows that
And, from the condition of normalization, it can be shown that [1]
which leads to ln(Z) = ∆t 2π
The previous expression can be related to the average number of emitted particles,
giving
We can use the fact that Γ(x) ≪ 1 for x ≪ 1 to approximate both integrals by integrating over x > 1 only. In this regime, photons and gravitons have a grey-body factor of unity and the logarithm can be expanded to first order. Therefore,
meaning that
The takeaway of all this is that a condensate can indeed "hide" but only until a small number of photons have been emitted. For a solar-mass BH, this might as well be zero photons.
Conclusion
We have argued, under the assumption of unitary evolution, that the state of the BH interior is non-classical because it is the purifier of a non-classical state; namely, that of the Hawking radiation. The Hawking radiation is itself non-classical because it is a thermal-like state with small occupation numbers. Further, the non-classicality of the radiation implies that the induced geometry is also non-classical due to the large relative quantum fluctuations of the spacetime curvature. This suggests that the state of the BH interior, which is similarly non-classical, is devoid of a meaningful description in terms of a semiclassical geometry.
It should be stressed that not all measurements would reveal the nonclassical nature of the Hawking radiation or the BH interior. In fact, it might be that only a small fraction of sufficiently precise experiments would be useful in this regard, as we would expect that BHs maintain their "baldness" under most circumstances. Nevertheless, this evasiveness is part and parcel when diagnosing states for signs of non-classical behavior.
Meanwhile, the notion that only a subset of observers or observations would be able to probe the BH interior has been gaining momentum in the literature (e.g., [18, 19] ). Although the details can differ from one study to the next, one basic theme persists: Some type of averaging or coarse-graining procedure will inevitably lead to the standard picture of a semiclassical BH with an opaque horizon. This is consistent with our results, which imply that the large fluctuations in the occupation numbers depended on looking at single modes of radiation over relatively short time scales.
It is unclear what a non-geometrical interior really means. Given that entropy bounds do not permit the interior mass to collapse into a singular core, we have a contradiction with the Chandrasekhar limit. This suggests that all conventional matter, including a "firewall" of Hawking particles outside the horizon [20, 21, 22] , would inevitably collapse in this way. One must then look for exotic matter that would not be subject to collapse but, rather, would be sustained by quantum effects. Elsewhere, we have suggested that the BH is filled with interacting, highly excited, long, closed strings [3, 4] .
A Small occupation numbers for neutrino emis- A hypothetical massless neutrino has an occupation number of the form
and it has a grey-body factor at low frequencies, ωR S ≪ 1 , of [8] 
Then, for example, n ωR S = 0.1,
when the frequencies are large, ωR S ≫ 1 , the grey-body factor approaches unity but then the occupation numbers are exponentially (Boltzmann) sup-
A conservative estimate for an upper bound on the neutrino occupation number goes as follows:
Here, for ωR S > 0.1 , we have used the maximum value of the grey-body factor and the minimal value for e 4πωR S . Whereas, for ωR S < 0.1 , Page's expression for a low-frequency grey-body factor becomes valid. We do, however, expect the actual occupation numbers to be much smaller than the estimate in Eq. (84).
B Relating the fluctuations of the Einstein tensor to the fluctuations of the stress-energymomentum tensor
The semiclassical form of the Einstein equations relates the expectation value of the Einstein tensor to that of the SEM tensor,
where κ = 8πG . Our purpose here is to argue that the fluctuations of the two tensors are similarly related,
Jaekel and Reynaud (JR) [11] have already shown that, for suitably weak gravity and low-enough energies, Eq. (86) is indeed valid in an approach that relied on the fluctuation-response relation from statistical mechanics. In the following, we review their analysis to make our own paper self-contained.
This will include a review of the fluctuation-response relation and then a discussion on how to apply it in the weak-gravity, low-energy regime.
B.1 Linear response formalism
In the JR treatment, a correlation function in spacetime for two observables A, B is defined by
where all expectation values are with regard to free fields in the vacuum and in flat spacetime. The symmetrized form of this correlation function is
What will eventually be needed here is σ AA (x) = 1 2
For a translation-and rotation-invariant theory, the correlation functions depend only on |x|; hence,
Let us next consider the susceptibility function χ AB (k), which describes the response of an observable A to a linear perturbation in another observable B,
The fluctuation-response relation then asserts that
The main idea of JR is that, from Eq. (91), one can infer the fluctuations of the Einstein tensor by having knowledge about χ. So that, to this end, only one-point functions are required.
B.2 Proper fluctuations
Proper fluctuations are those which are self-induced. Following JR, we will label these with a superscript of in, meaning "input".
Let us now discuss linearized gravity in D dimensions of spacetime, for which the metric adopts the familiar form
The 
The projectors π r µνρσ on the transverse space are defined as π r µνρσ = α r π µν π ρσ + β r (π µρ π νσ + π µσ π νρ ) , 
where ǫ ≪ k 2 in the former andΓ r can be left unspecified in the latter, as the real part of χ Still following JR, one can relate the Einstein tensor and the metric perturbation by using the following expressions:
where
and
After some algebra and recalling that the proper metric fluctuations do not contribute to σ Gµν Gρσ , one obtains
which can be identified with the fluctuations of the SEM tensor given in Eqs. (104) and (105),
This yields the desired result for the Einstein-tensor fluctuations,
In terms of correlation functions, the previous identity translates into (see Eq. (89))
Keeping in mind that the argument of these functions is really |k|, one can rewrite the above as C Gµν Gµν (|x|) = κ 2 C Tµν Tµν (|x|) .
Finally, setting |x| = 0 , and subtracting the square of the corresponding Einstein equation, we arrive at
The normal ordering of operators does not affect this conclusion because, as the relevant operators are standard annihilation and creations operators, the procedure can modify the zero-point energy but not the fluctuations.
